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LetMn be a complete stable strongly minimal hypersurface of a Minkowski space V
n+1
. In
this paper, we prove that if

SM |B|2dVSM <∞, where |B|2 is the norm square of the second
fundamental form of M , then M is a locally Minkowski space which was obtained by do
Carmo and Peng (1980) [1] for the Riemannian case.
© 2012 Elsevier Inc. All rights reserved.
1. Introduction
Let M be an n-dimensional smooth manifold and π : TM → M be the natural projection from the tangent bundle. Let
(x, Y ) be a point of TM with x ∈ M, Y ∈ TxM and let (xi, Y i) be the local coordinates on TM with Y = Y i ∂∂xi . A Finsler metric
onM is a function F : TM → [0,+∞) satisfying the following properties:
(i) regularity: F(x, Y ) is smooth in TM \ 0;
(ii) positive homogeneity: F(x, λY ) = λF(x, Y ) for λ > 0;
(iii) strong convexity: the fundamental quadratic form gY = gij(x, Y )dxi ⊗ dxj is positively definite, where gij = 12∂2(F 2)/
∂Y i∂Y j.
The simplest class of Finsler manifolds is theMinkowski space. Let V n+1 be a real vector space. A Finsler metric F : TV n+1 →
[0,∞) is called Minkowski if F is a function of Y ∈ V n+1 only and (V n+1, F) is called a Minkowski space.
There is awell-knownBernstein theorem in classical differential geometry, its generalizations to complete stableminimal
hypersurfaces of the Euclidean space have been attempted by M. do Carmo and C.K. Peng. Let Mn be a complete stable
minimal hypersurface of an Euclidean space. In [1], do Carmo and Peng proved that if limR→∞

BR
|B|2dVM
R2+2q = 0, q <

2
n , where
|B|2 is the norm square of the second fundamental fromofM and BR = {x ∈ M : ρ(x, x0) ≤ R, ρ is the geodesic distance from
a fixed point x0 ∈ M}, then M is a hyperplane. Recently, by using the Busemann–Hausdorff volume form, a Bernstein type
theorem on a special Randers 3-space has been shown by Souza et al. [2]. By considering the Holmes–Thompson volume
form, He and Shen [3] proved the Bernstein type theorem on a special Randers 3-space. But studying the Bernstein type
problem of the hypersurfaces of a Minkowski space (V n+1, F) by using the second variation formula is still open. This
motivates us to start considering the second variation formula and the stability on a strongly minimal hypersurface of
Minkowski space V
n+1
. The purpose of this paper is to extend the above result of do Carmo and Peng from Riemannian
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manifolds to Finslermanifolds.We study the hypersurfaces of aMinkowski space (V n+1, F) by using the Holmes–Thompson
volume form and obtain the following.
Main theorem. Let Mn be a complete stable strongly minimal hypersurface of a Minkowski space V n+1. If
lim
R→∞

SBR
|B|2dVSM
R2+2q
= 0, q <

2
n
,
where |B|2 is the norm square of the second fundamental from of M, SBR = {x ∈ the sphere bundle SM : ρ(x, x0) ≤ R, ρ is the
geodesic distance from a fixed point x0 ∈ SM} and the geodesic distance ρ(x, x0) is the length of the shortest path between x0 and
x in SM, then M is a locally Minkowski space.
Remark. For the Riemannian submanifolds, the minimal submanifolds are actually strongly minimal. Then Main theorem
generalizes the result of [1] from the Riemannian case to the Finsler case.
Corollary. Let Mn be a complete stable strongly minimal hypersurface of a Minkowski space V n+1. If

SM |B|2dVSM < ∞, then
M is a locally Minkowski space.
2. Preliminaries
Let (Mn, F) be an n-dimensional Finsler manifold. F inherits the Hilbert form, the fundamental tensor and the Cartan
tensor as follows:
ω = ∂F
∂Y i
dxi, gY = gij(x, Y )dxi ⊗ dxj, AY = Aijkdxi ⊗ dxj ⊗ dxk, Aijk := F∂gij2∂Y k .
It is well known that there exists uniquely the Chern connection ∇ on π∗TM with ∇ ∂
∂xi
= ωji ∂∂xj and ωji = Γ jikdxk satisfying
that 
d(dxi)− dxj ∧ ωij = −dxj ∧ ωij = 0,
dgij − gikωkj − gjkωki = 2Aijk
δY k
F
,
where δY i = dY i + N ijdxj, N ij = γ ijkY k − 1F Aijkγ kstY sY t and γ ijk are the formal Christoffel symbols of the second kind for gij.
The curvature 2-forms of the Chern connection ∇ are
ωij − ωkj ∧ ωik = Ω ij =
1
2
Rijkldx
k ∧ dxl + 1
F
P ijkldx
k ∧ δY l,
where Rijkl and P
i
jkl are the components of the hh-curvature tensor and the hv-curvature tensor of the Chern connection,
respectively.
Take a g-orthonormal frame {ei} with en = Y iF ∂∂xi for each fibre of π∗TM and {ωi} with ωn = ω is its dual coframe. The
collection {ωi, ωin} forms an orthonormal basis for T ∗(TM\{0})with respect to the Sasaki typemetric gijdxi⊗dxj+gijδY i⊗δY j.
The pull-back of the Sasakimetric from TM\{0} to the sphere bundle SM is a Riemannianmetricg = gijdxi⊗dxj+δabωan⊗ωbn.
Thus the volume element dVSM of SM with the metricg is dVSM = Ωdτ ∧ dx, whereΩ = det( gijF ), dτ =i(−1)i−1Y idY 1 ∧
· · · ∧ dY i ∧ · · · ∧ dY n and dx = dx1 ∧ · · · ∧ dxn. The volume form of a Finsler n-manifold (M, F) is defined by
dVM = 1Cn−1

SxM
Ωdτdx,
where Cn−1 denotes the volume of the unit Euclidean (n− 1)-sphere, SxM = {Y ∈ TxM|F(Y ) = 1},Ω = det( gijF ).
Thus the volume of (M, F) is V (M) = M dVM = 1Cn−1 SM dVSM .
In the following any vector U ∈ TM will be identified with the corresponding vector ϕ∗(U) ∈ TM and we will use the
following convention:
1 ≤ i, j, . . . ≤ n; n+ 1 ≤ α, β, . . . ≤ n+ p; 1 ≤ λ,µ, . . . ≤ n− 1; 1 ≤ a, b, . . . ≤ n+ p.
Let ϕ : (Mn, F) → (Mn+p, F) be an isometric immersion. Take a g-orthonormal frame form {ea} for each fibre of π∗TM
and {ωa} is its local dual coframe, such that {ei} is a frame field for each fibre of π∗TM and ωn is the Hilbert form, where
π : TM → M denotes the natural projection. Let θ ab and ωij denote the Chern connection 1-form of F and F , respectively,
i.e., ∇ea = θ ba eb and ∇ei = ωjiej, where ∇ and ∇ are the Chern connection of M and M , respectively. We obtain that
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A(ei, ej, en) = A(ea, eb, en) = 0, where en = Y iF ∂∂xi is the natural dual of the Hilbert form ωn. By ωα = 0 and the structure
equations ofM , we have that θαj ∧ ωj = 0, which implies that θαj = hαijωi, hαij = hαji . We obtain that (see [4])
ω
j
i = θ ji − Ψjikωk, (2.1)
where
Ψjik = hαjnAkiα − hαknAjiα − hαinAkjα − hαnnAiksAsjα + hαnnAijsAskα + hαnnAjksAsiα. (2.2)
In particular,
ωni = θni − hαnnAkiαωk. (2.3)
Using the almost g-compatibility, we have
θ jα = (−hαij − 2hβniAjαβ + 2hβnnAjλαAiλβ)ωi − 2Ajαλωλn . (2.4)
In particular, θnα = −hαniωi.
We quote the following propositions.
Proposition 2.1 ([5]). Let ϕ : (Mn, F) → (Mn+p, F) be an isometric immersion from a Finsler manifold to a Minkowski space.
Then 
(∇eiA)(•, •, •) = 0,
A(•, •,∇eien) = 0.
Proposition 2.2 ([4], Gauss Equations). Let ϕ : (Mn, F) → (Mn+p, F) be an isometric immersion from a Finsler manifold to a
Finsler manifold, then we have
P jikλ = P jikλ + Ψjik;λ − 2ΨsikAjsλ − 2hαikAjλα,
Rjikl = Rjikl − hαikhαjl + hαilhαjk + Ψjik|l − Ψjil|k
+ ΨsikΨjsl − ΨsilΨjsk − 2hαikhβnlAjαβ + 2hαilhβnkAjαβ
+ 2hαikhβnnAjsαAlsβ − 2hαilhβnnAjsαAksβ − hαnnAslαP jiks
+ hαnnAskαP jils + hαnlP jikα − hαnkP jilα,
where ‘‘;’’ and ‘‘|’’ denote the vertical and the horizontal covariant differentials with respect to the Chern connection∇ respectively.
Proposition 2.3 ([4], Codazzi Equations). Let ϕ : (Mn, F)→ (Mn+p, F) be an isometric immersion from a Finsler manifold to a
Finsler manifold, then we have
hαij;λ = −Pαijλ,
hαij|k − hαik|j = −Rαijk + hβnjPαikβ − hβnkPαijβ
− hαlkΨlij + hαljΨlik − hβnnAljβPαikl + hβnnAlkβPαijl.
Proposition 2.4 ([4]). An isometric immersion ϕ : (M, F)→ (M, F) is minimal if and only if
SM
⟨V , B(en, en)⟩dVSM = 0,
or 
SM

V ,

i

B(ei, ei)+

α
[2C(eα, ei,∇eHi (Fen))+ (∇FeHn C)(ei, ei, eα)+ 2C(∇FeHn ei, ei, eα)]eα

dVSM = 0, (2.5)
for any vector V ∈ Γ (TM)⊥, where C = A
F
and eHi denotes the horizontal part of ei.
When (M, F) is a Minkowski space. From the second formula of Proposition 2.1, we obtain that
A(•, •,∇eien)+ A(•, •, eλ)Ψλni + A(•, •, en+1)hn+1ni = 0. (2.6)
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Let P be an arbitrary point inM . There exists the local coordinate system {xi} such that∇ ∂
∂xi
∂
∂xj
= 0 at P , i.e. Γ kji = 0 at P .
We can obtain that at P
A(•, •,∇eien) = A

•, •, Y
k
F
∇uji ∂∂xj
∂
∂xk

= 0. (2.7)
Substituting (2.7) into (2.6) yields that A(•, •, ej)Ψjni + A(•, •, en+1)hn+1ni = 0 at P , which together with (2.2) implies that
−hn+1nn Ajin+1Astj + hn+1ni Astn+1 = 0 at P . Then by (2.6) we have that
Ψijk = 0 and hn+1ni A(•, •, en+1) = 0, ∀i, j, k, at P. (2.8)
It follows from the first formula of Proposition 2.1 and A(•, •, •)|i = 0 that
A(•, •, •);λΨλni + A(•, •, •);n+1hn+1ni = 0 at P. (2.9)
It can be seen from (2.8) and (2.9) that
A(•, •, •);n+1hn+1ni = 0 at P. (2.10)
It follows from (2.10) and Aabc;d = Aabd;c that
(∇FeHn C)(ei, ei, en+1) = C iin+1;λθλn (FeHn )+ C iin+1;n+1θn+1n (FeHn )
= FC iin+1;n+1hn+1nn
= 0. (2.11)
From (2.7) and (2.8), we can obtain that
C(∇FeHn ei, ei, en+1) = 0, at P. (2.12)
Since X =α[2C(eα, ei,∇eHi (Fen))+ (∇FeHn C)(ei, ei, eα)+ 2C(∇FeHn ei, ei, eα)]eα is a global section on (π∗TM)⊥ and P is an
arbitrary point ofM , substituting (2.12) and (2.11) into (2.5) yields immediately the following.
Proposition 2.5. An isometric immersion ϕ from a Finsler manifold (M, F) to a Minkowski space (V n+p, F) is minimal if and
only if
SM

V ,

i
B(ei, ei)

dVSM = 0,
for any vector V ∈ Γ (TM)⊥.
Definition. Mn is called strongly minimal if H = 1n

i B(ei, ei) = 0.
Remark. The minimal submanifolds are actually strongly minimal for the Riemannian submanifolds.
Now we establish the second variation formula for a strongly minimal hypersurface of Minkowski space V
n+1
.
Proposition 2.6. If (Mn, F) is a strongly minimal hypersurface of a Minkowski space (V n+1, F). Suppose that W is a normal
vector field to M, then the second variation formula of the volume for M is
I(W ,W ) = − 1
Cn−1

SM

i,j
2⟨B(ei, ej),W ⟩2 −

i
⟨∇eHi W ,∇eHi W ⟩

dVSM .
Proof. Since

i,j Ψjiiej is a global section on π
∗TM . By (2.1) and (2.8) we get

i B(ei, ei) =

i(∇eiei−∇eiei)which implies
that
g ij
∂
∂t

W , B

∂
∂xi
,
∂
∂xj

= g ij

∇ ∂
∂t
W , B

∂
∂xi
,
∂
∂xj

+

W ,∇ ∂
∂t
∇ δ
δxi
∂
∂xj
− ∇ ∂
∂t
∇ δ
δxi
∂
∂xj

+ 2C(W , B

∂
∂xi
,
∂
∂xj

,∇ ∂
∂t
Fen)

=

i
⟨W ,∇eHi ∇eiW − ∇(∇eHi ei)W ⟩. (2.13)
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Consider the 1-form ψ = ⟨W ,∇eiW ⟩ωi, using (2.8) we have
divgψ = ⟨∇eHi W ,∇eHi W ⟩ + ⟨W ,∇eHi ∇eiW ⟩ + 2C(W ,∇eiW ,∇eHi Fen)− ⟨W ,∇(∇eHj ej)W ⟩
= ⟨∇eHi W ,∇eHi W ⟩ + ⟨W ,∇eHi ∇eiW − ∇(∇eHj ej)W ⟩. (2.14)
It follows from (2.13) and (2.14) that
SM
g ij
∂
∂t

W , B

∂
∂xi
,
∂
∂xj

dVSM =

SM
⟨∇eHi W ,∇eHi W ⟩dVSM . (2.15)
A direct calculation gives that
∂
∂t
g ij
 
W , B

∂
∂xi
,
∂
∂xj

=

i,j

2⟨B(ei, ej),W ⟩2 − 2⟨B(ei, ej),W ⟩C(ei, ej,∇ ∂
∂t
(FeHn ))

=

i,j
2⟨B(ei, ej),W ⟩2,
which together with (2.15) yields that
SM

i
∂
∂t
⟨W , B(ei, ei)⟩dVSM =

SM

2

i,j
⟨B(ei, ej),W ⟩2 −

i
⟨∇eHi W ,∇eHi W ⟩

dVSM . (2.16)
From this it follows that
d2
dt2
Vt(M)|t=0 =

SM

i
∂
∂t
⟨W , B(ei, ei)⟩dVSM + 1Cn−1

SM
⟨W , B(ei, ei)⟩

∂
∂t
Ωt

t=0
dτ ∧ dx
=

SM

2

i,j
⟨B(ei, ej),W ⟩2 −

i
⟨∇eHi W ,∇eHi W ⟩

dVSM .  (2.17)
Proposition 2.7 ([5]). If (Mn, F) is a hypersurface of a Minkowski space (V n+1, F), then
hn+1ij;λ;µ = hn+1ij;µ;λ,
hn+1ij|k|l = hn+1ij|k|l + hn+1sj Rsikl + hn+1is Rsjkl
+ 2hn+1ij hn+1sk hn+1nl Asn+1n+1 − 2hn+1ij hn+1sl hn+1nk Asn+1n+1
− 2hn+1ij hn+1sk hn+1nn Astn+1Atln+1 + 2hn+1ij hn+1sl hn+1nn Astn+1Atkn+1.
3. Proof of the theorem
Definition. A strongly minimal hypersurface (Mn, F) of a Minkowski space (V n+1, F) is called stability if I(W ,W ) ≥ 0, for
any vectorW ∈ Γ (TM)⊥.
LetW = fen+1 ∈ Γ (TM)⊥, where f is a smooth function with compact support. We have that
∇eHi W = f|ien+1 −

j
fhjkωk(eHi )ej + f θn+1n+1 (eHi )en+1
= f|ien+1 −

j
fhijej − f

λ
An+1n+1λΨλni + hniAn+1n+1n+1

en+1, (3.1)
where hij = hn+1ij , so
i
⟨∇eHi W ,∇eHi W ⟩ =

i
(f|i)2 +

i,j
f 2h2ij − 2

i
ff|i

λ
An+1n+1λΨλni + hniAn+1n+1n+1

+

i
f 2

λ
An+1n+1λΨλni + hniAn+1n+1n+1
2
. (3.2)
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Then substituting (3.1) and (3.2) into Proposition 2.6, we obtain the stable inequality as follows
SM
|B|2f 2dVSM ≤

SM

i
(f|i)2 − 2

i
ff|i

λ
An+1n+1λΨλni + hniAn+1n+1n+1

+

i
f 2

λ
An+1n+1λΨλni + hniAn+1n+1n+1
2 dVSM , (3.3)
where |B|2 =i,j h2ij.
WhenMn is a strongly minimal hypersurface of a Minkowski space V
n+1
, we have that
i
hn+1ii|j ω
j +

i
hn+1ii;λ ω
λ
n = 2

ij
hn+1ij Aijλω
λ
n . (3.4)
It follows from (3.4) that

i
hn+1ii|j = 0
i
hn+1ii;λ = 2

ik
hn+1ik Aikλ
. (3.5)
Using the first formula of (3.5), we get that
i
hn+1ii|j|k = 0. (3.6)
Now taking the exterior differentiation of Aijk = Aijk, a direct calculation gives that
Aijk|l = Aijk;λΨλnl + Aijk;n+1hn+1nl + AsjkΨsil + AiskΨsjl + AijsΨskl + An+1jkhn+1il + Ain+1khn+1jl + Aijn+1hn+1kl . (3.7)
It follows from (2.8), (2.10) and (3.7) that
Aijk|n = 0 at P. (3.8)
In the following, the computation is pointwisely estimated.
Since ψ = i,j,k,l hij(hlkΨlij + hljΨlik)ωk is a global section on π∗T ∗M , by (2.8) we havei,j,k,l hij(hlkΨlij + hljΨlik)|k = 0
which together with the second formula of Proposition 2.3 implies that
i,j,k
hijhij|k|k =

i,j,k
hijhik|j|k. (3.9)
Similarly, the second formula of Proposition 2.7 together with (2.8) yields that
i,j,k
hijhik|j|k =

i,j,k
hij{hik|k|j + hskRsijk + hisRskjk}. (3.10)
It can be seen from the second formula of Proposition 2.2 and (2.8) that
i,j,k,l
hijhklR
j
ikl =

i,j,k,l
hijhkl(−hikhjl + hilhjk)+

i,j,k,l
hijhkl(Ψjik|l − Ψjil|k). (3.11)
The pull-back of the Sasaki metric gijdxi ⊗ dxj + gijδY i ⊗ δY j from TM \ {0} to the sphere bundle SM is a Riemannian
metricg = gijdxi ⊗ dxj + δabωan ⊗ ωbn. We need the following lemma.
Lemma 3.1 ([6]). For X =i xiωi ∈ Γ (π∗T ∗M), divgX =i xi|i +µ,λ xµPnλλµ.
Let ω = ∇eHi (|B|2)ωi = (|B|2)|iωi. Then ω is a global section on π∗T ∗M . From Lemma 3.1 we have that
divgω = div

2

i,j,k
hijhij|kωk

= 2

i,j,k
h2ij|k + 2

i,j,k,s
hijhij|k|k + 2

i,j,µ
hijhij|µPnλλµ. (3.12)
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Using the fact Pnijλ = −Aijλ|n, it can be seen from (3.8) that

i,j,µ hijhij|µP
n
λλµ = 0 onM which together with (3.9)–(3.12)
implies that
divgω = 2
i,j,k
h2ij|k − 2|B|4 + 2

i,j,k,s
hn+1ij h
n+1
sk Ψsij|k − 2

i,j,k,s
hn+1ij h
n+1
sj Ψsik|k. (3.13)
Since ψ =i,j,k,s hn+1ij hn+1sk Ψsijωk is a global section on π∗T ∗M and (2.8), we get thati,j,k,s(hn+1ij hn+1sk Ψsij)|k = 0 which
together with (2.8) yields

i,j,k,s(h
n+1
ij h
n+1
sk Ψsij|k) = 0. So it follows from (3.13) that
divgω = 2
i,j,k
h2ij|k − 2|B|4. (3.14)
On the other hand, ω = ∇eHi (|B|2)ωi = 2

i |B||B||iωi. Then we have that
divgω =
i
(2|B||B||i)|i = 2

i
(|B||i)2 + 2

i
|B||B||i|i. (3.15)
By combining (3.14) and (3.15), we show that
i
(|B||i)2 +

i
|B||B||i|i =

i,j,k
(hn+1ij|k )
2 − |B|4. (3.16)
By using the Schwarz inequality, the first formula of (3.7) and the second formula of (3.10), we obtain that

k
(|B||k)2 =

k

i,j
hijhij|k
2 
i,j
h2ij
−1
≤

i,k
h2ii|k
≤

i≠k
h2ii|k + (n− 1)

j≠i
h2jj|i
= n

j≠i
h2jj|i. (3.17)
Hence we have that
i,j,k
h2ij|k ≥ 3

i≠k
h2ii|k +

i
h2ii|i
≥ 2
n

k
∥B||k|2 +

k
∥B||k|2. (3.18)
Substituting (3.18) into (3.16) yields that
i
|B||B||i|i + |B|4 ≥ 2n

i
(|B||i)2. (3.19)
Now we can prove the following.
Main theorem. Let (Mn, F) be a complete stable strongly minimal hypersurface of a Minkowski space (V n+1, F). If
lim
R→∞

SBR
|B|2dVSM
R2+2q
= 0, q <

2
n
,
where |B|2 is the norm square of the second fundamental from of M and SBR = {x ∈ SM : ρ(x, x0) ≤ R, ρ is the geodesic distance
from a fixed point x0 ∈ SM}, then M is a locally Minkowski space.
Proof. LetW = f |B|1+qen+1 ∈ Γ (TM)⊥, where q > 0. We have that
dW = (f|iωi + f;λωλn)|B|1+qen+1 + f (|B|1+q|i ωi + |B|1+q;λ ωλn)en+1 + f |B|1+q(θ in+1ei + θn+1n+1 en+1)
=

f;λ|B|1+qen+1 + f |B|1+q;λ en+1 − 2f |B|1+qAin+1λei − f |B|1+qAn+1n+1λen+1

ωλn(mod(ω
i)). (3.20)
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SinceW = f |B|1+qen+1 ∈ Γ (TM)⊥, we have dW ( ∂∂Y i ) = 0 which together with (3.20) yields that
f |B|1+qAin+1λ = 0
f;λ|B|1+q + f |B|1+q;λ − f |B|1+qAn+1n+1λ = 0.
(3.21)
Substituting the first formula of (3.21) into (2.6) and (2.9), we get that
f |B|1+qAn+1n+1λhni = f |B|1+qAn+1n+1n+1hni = 0. (3.22)
By differentiating f |B|1+qAn+1n+1λhni = 0, we yield that (f |B|1+qAn+1n+1λ);µhni + f |B|1+qAn+1n+1λhµi = 0. Thus we get
f |B|1+qAn+1n+1λhµi = 0. (3.23)
Similarly, by differentiating f |B|1+qAin+1λ = 0, we can also obtain
f |B|1+qAijλhjk = 0. (3.24)
On the other hand, by hij;λ = 0 we have that |B|2;λ = −2hikhjkAijλ−2|B|2An+1n+1λ. Substituting this, (3.23) and (3.24) into
the second formula of (3.21) yields
f;λ|B|1+q = 0. (3.25)
It follows from (3.3) and (2.8) that
SM
|B|2f 2dVSM ≤

SM

i
(f|i)2dVSM . (3.26)
Using (3.25), we can replace f of (3.26) by f |B|1+q, where f ∈ C∞(M) and obtain that
SM
|B|4+2qf 2dVSM ≤ (1+ q)2

SM

i

|B|2q||B||i|2f 2 + |B|2q+2|f|i|2 + 2(1+ q)|B|2q+1f (f|i|B||i)

dVSM . (3.27)
On the other hand, by multiplying (3.19) by |B|2qf 2, we obtain that
2
n

SM

i
|B|2qf 2|B|2|idVSM ≤

SM

|B|4+2qf 2 +

i
|B|2q+1f 2|B||i|i

dVSM
=

SM

|B|4+2qf 2 − 2

i
|B|2q+1ff|i|B||i − (2q+ 1)

i
(|B|2qf 2)|i|B|2|i

dVSM ,
which gives that
2
n
+ 2q+ 1

SM

i
|B|2qf 2|B|2|idVSM ≤

SM

|B|4+2qf 2 − 2

i
|B|2q+1ff|i|B||i

dVSM . (3.28)
By (3.28)×(1+ q)+ (3.27), we have that
(1+ q)

2
n
+ q

SM

i
|B|2qf 2|B|2|idVSM ≤

SM

q|B|4+2qf 2 +

i
|B|2+2qf 2|i

dVSM . (3.29)
On the other hand, substituting 2|B|2q+1ff|i|B||i ≤ ε|B|2qf 2|B|2|i + 1ε |B|2q+2f 2|i into (3.27) implies that
SM
|B|4+2qf 2dVSM ≤

SM

(1+ q)(1+ q+ ε)

i
|B|2qf 2|B|2|i +

1+ 1+ q
ε

i
|B|2q+2f 2|i

dVSM . (3.30)
It follows from (3.29) and (3.30) that
SM
|B|4+2qf 2dVSM ≤

SM

(1+ q+ ε)q
q+ 2n
|B|4+2qf 2 +

i
β1|B|2q+2f 2|i

dVSM , (3.31)
where β1 is a constant that depends on n, ε and q.
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When q <

2
n , we can choose a sufficiently small ε > 0 so that
(1+q+ε)q
q+ 2n
< 1. This together with (3.31) yields that
SM
|B|4+2qf 2dVSM ≤

SM

i
β2|B|2q+2f 2|i dVSM , (3.32)
where β2 is also a constant that depends on n, ε and q.
Using Young’s inequality, we have that
|B|2+2qf 2|i ≤ f 2

αs
s
|B|s(2+2q−p) + α
−t
t

|B|p f
2
|i
f 2
t
, (3.33)
where t = 1+ q, s = 1+qq , p = 21+q and α is sufficiently small.
Substituting (3.33) into (3.32) yields that
SM
|B|4+2qf 2dVSM ≤

SM

i
β3|B|2f 2+2q|i dVSM , (3.34)
where β3 is also a constant that depends on n, ε and q.
Let
f (x) =

1, (x, Y ) ∈ SBR,
0, (x, Y ) ∈ SM \ SB2R,
and 0 ≤ f ≤ 1, |∇f | ≤ 1R .
Then it can be seen from (3.34) that
SBR
|B|4+2qdVSM ≤ β3R2+2q

SBR
|B|2dVSM . (3.35)
By letting R → ∞ and our assumption condition, we can get that |B| = 0 and hij = 0, which associated with
Proposition 2.2 implies that Rjikl = 0 and P ijkl = 0, i.e., M is a complete Berwald manifold with zero flag curvature, then
we obtain the main theorem immediately. 
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